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The Asymmetric Valence-Bond-Solid States in Quantum Spin Chains
The Difference Between Odd and Even Spins

Daisuke Maekawa and Hal Tasaki∗

The qualitative difference in low-energy properties of spin S quantum antiferromagnetic chains with
integer S and half-odd-integer S discovered by Haldane can be intuitively understood in terms of the
valence-bond picture proposed by Affleck, Kennedy, Lieb, and Tasaki. Here we develop a similarly
intuitive diagrammatic explanation of the qualitative difference between chains with odd S and even S,
which is at the heart of the theory of symmetry-protected topological (SPT) phases.

More precisely, we define one-parameter families of states, which we call the asymmetric valence-bond
solid (VBS) states, that continuously interpolate between the Affleck-Kennedy-Lieb-Tasaki (AKLT) state
and the trivial zero state in quantum spin chains with S = 1 and 2. The asymmetric VBS state is obtained
by systematically modifying the AKLT state. It always has exponentially decaying truncated correlation
functions and is a unique gapped ground state of a short-ranged Hamiltonian. We also observe that
the asymmetric VBS state possesses the time-reversal, the Z2 × Z2, and the bond-centered inversion
symmetries for S = 2, but not for S = 1. This is consistent with the known fact that the AKLT model
belongs to the trivial SPT phase if S = 2 and to a nontrivial SPT phase if S = 1. Although such
interpolating families of disordered states were already known, our construction is unified and is based
on a simple physical picture. It also extends to spin chains with general integer S and provides us with
an intuitive explanation of the essential difference between models with odd and even spins.

There is a 24 minutes video in which the essence of the present work is discussed:
https://youtu.be/URsf9e_PLlc
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1 Introduction

In the early 1980s, Haldane made the now-famous discovery that there is a qualitative difference in low
energy behaviors of the spin S antiferromagnetic Heisenberg chain with half-odd integer S and integer S
[1, 2, 3]. See, e.g., Part II of [4] for a review. It was shown that the ground state of the model is critical
for half-odd integer S while that for integer S is disordered. Here we say that a ground state is critical if
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it is a unique ground state accompanied by gapless excitations, and the corresponding truncated correlation
functions decay by power laws. We say that a ground state is disordered if it is a unique gapped ground
state, i.e., a unique ground state accompanied by a nonzero energy gap.1 In such a state, it is known that
truncated correlation functions always decay exponentially [5, 6].

Although the qualitative difference between models with half-odd-integer S and integer S appears mys-
terious, there are some convincing theoretical arguments that support it. In particular, it is known that
the difference can be intuitively understood from diagrams of “valence-bonds” as in Figures 1 and 2. This
valence-bond picture is a byproduct of exactly solvable spin chains, now called the Affleck-Kennedy-Lieb-
Tasaki (AKLT) model, which resembles the Heisenberg antiferromagnet and is proved to have a unique
gapped ground state [7, 8, 9].

Subsequent studies of quantum spin chains triggered by Haldane’s discovery had led to the notion of
hidden antiferromagnetic order [10] and accompanying hidden symmetry breaking [11, 12] in S = 1 antifer-
romagnetic chains. In 1992, Oshikawa realized that there is a further qualitative difference between models
with odd S and even S [13]. It was found that the unique gapped ground state of spin S antiferromagnetic
chain with odd S has a hidden order while that with even S has no hidden order. This peculiar phenomenon
was not fully understood until 2009 when Gu and Wen [14] and then Pollmann, Turner, Berg, and Oshikawa
[15, 16] established the notion of symmetry-protected topological (SPT) phases. In particular, the qualitative
difference between models with odd and even S was discussed and essentially resolved by Pollmann, Turner,
Berg, and Oshikawa in [16].2

To see this, let us briefly discuss the main idea of SPT phases in the context of quantum spin chains
with fixed spin S. Let M be the (big) space of all Hamiltonians with short-ranged and (uniformly) bounded
interactions that have a unique gapped ground state. (To be precise, we are treating spin systems on the
infinite chain. See section 2.) We say that two Hamiltonians Ĥ0 and Ĥ1 in M are continuously connected
if there exists a one-parameter family of Hamiltonians Ĥs ∈ M with s ∈ [0, 1] that depends continuously on
s. It is believed that any Ĥ0 and Ĥ1 in M are continuously connected, and hence all Hamiltonians in M
belong to a single “phase” [17]. This fact was proved for matrix product states by Ogata [18, 19, 20].

The situation changes drastically if one considers Hamiltonians that possess certain global symmetry
Σ. Let MΣ be the subspace of M that consists of Hamiltonians with symmetry Σ. We say that two
Hamiltonians Ĥ0 and Ĥ1 in MΣ are continuously connected within MΣ if there exists a one-parameter
family of Hamiltonians Ĥs ∈ MΣ with s ∈ [0, 1] that depends continuously on s. Depending on the choice
of symmetry Σ, it may happen that MΣ is divided into several distinct connected components. These
components are called topological phases protected by the symmetry Σ, or, simply, SPT phases. It is known
that, when Σ is the time-reversal symmetry, the Z2×Z2 symmetry, or the bond-centered inversion symmetry,
the corresponding space MΣ for a spin chain with integer S consists of at least two SPT phases. One of
the phases contains a trivial product state and hence is called the trivial phase. We should note that a
mathematically rigorous and general theory of SPT phases in quantum spin chains was recently established
by Ogata [21, 22, 23, 24].

Given the picture of SPT phases, the difference between odd S and even S is that the AKLT model
belongs to a nontrivial SPT phase when S is odd and to the trivial phase when S is even. In other words,
the AKLT Hamiltonian is continuously connected to a trivial Hamiltonian within MΣ if S is even but not
connected when S is odd.

The main goal of the present paper is to provide an intuitive picture that explains the difference between
spin chains with odd S and even S. We shall see that the difference can be understood diagrammatically
in terms of “asymmetric valence-bonds” as in Figure 8. To be more precise, we construct simple one-
parameter families of disordered states3 for S = 1 and 2 spin chains that connect a trivial product state and
the AKLT state, i.e., the ground state of the AKLT model. We call these states the asymmetric valence-
bond-solid (VBS) states. The asymmetric VBS states are obtained from the AKLT state by systematically
replacing the valence-bond, which is the basic building block of the AKLT state, with a state we call
the asymmetric valence-bond. The asymmetric valence-bond is similar to the valence-bond, i.e., the spin-
singlet, and is characterized by an asymmetry parameter µ ∈ [0, 1]. As far as we know, this particular

1We note that our use of the term “disordered” may sometimes not be consistent with one’s intuition. Consider the

Hamiltonian Ĥ = −
∑

j Ŝ
(z)
j , which describes independent spins in a uniform magnetic field. The ground state |Φup〉 =

⊗
j |S〉j

is obviously unique, accompanied by a gap, and has vanishing truncated correlations. We thus call |Φup〉 a disordered ground
state although all the spins are pointing in the same direction.

2A preprint version of this paper appeared in arXiv in 2009, slightly after [14].
3We say that a state is disordered if all truncated correlation functions decay exponentially.
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one-parameter modification of the AKLT state has not been discussed in the literature. It is interesting to
find other examples where similar modification leads to meaningful states and models. See also section 4.5
and Appendix B.

We shall see that the S = 2 asymmetric VBS state possesses the time-reversal, the Z2 × Z2, and the
bond-centered inversion symmetries, while the S = 1 state does not have any of these symmetries. Note
that this is consistent with the above picture of the SPT phases. We also show that there exist continuous
families of Hamiltonians that have the asymmetric VBS states as their unique gapped ground states. We
note that similar families of disordered states (and the corresponding Hamiltonians) that connect a trivial
state and the AKLT state were already constructed by Bachman and Nachtergale for S = 1 [25, 26] and by
Pollmann, Turner, Berg, and Oshikawa for S = 2 [16]. The advantage of our approach is that the states we
propose are simpler and can be understood intuitively. Moreover, our construction is unified and extends
naturally to models with general integer spin S, thus clarifying the essential difference between even and
odd S.

2 Background

Let us make the preceding discussion concrete and set our goal.
We start by fixing general notations. See, e.g., Chapter 2 of [4] for basics about quantum spin systems.

The spin operators of a single spin are denoted as (Ŝ(x), Ŝ(y), Ŝ(z)). They are (2S + 1)× (2S + 1) matrices
and satisfy (Ŝ(x))2 + (Ŝ(y))2 + (Ŝ(z))2 = S(S + 1) 1̂, where S = 1

2 , 1,
2
3 , . . . is the spin quantum number. We

use the standard basis state |m〉 such that Ŝ(z)|m〉 = m|m〉, where m = −S,−S + 1, . . . , S. When S = 1
2 ,

we write |↑〉 and |↓〉 instead of | 12 〉 and | − 1
2 〉, respectively. For a spin system on a finite lattice, we denote

by (Ŝ
(x)
p , Ŝ

(y)
p , Ŝ

(z)
p ) and |m〉p the spin operators and the basis states corresponding to a site p.

Consider a finite one-dimensional lattice whose sites are denoted as j = 1, . . . , L. Unless otherwise
mentioned, we take the periodic boundary condition and identify the site L+ 1 with 1. We assume there is
a quantum spin with the spin quantum number S on each site j. The standard basis state of the spin chain
is

L
⊗

j=1

|mj〉j , (2.1)

where mj = −S, S + 1, . . . , S.
In this paper, we concentrate on spin chains with a short-ranged translation-invariant Hamiltonian

Ĥ =

L
∑

j=1

ĥj , (2.2)

where ĥj is the translation of a Hermitian operator ĥ1 that acts nontrivially only on a finite number of

sites including j = 1. We say that the spin chain with Hamiltonian Ĥ has a unique gapped ground state
if there exists an increasing sequence L1, L2, . . . of positive integers4 such that (i) for any i = 1, 2, . . ., the
Hamiltonian on the chain with Li sites has a unique ground state accompanied by an energy gap that is
not less than ∆E, where ∆E > 0 is independent of i, and (ii) the i ↑ ∞ limit of the finite chain ground
states defines a state ω on the infinite chain.5 Then it can be shown that the state ω is a locally-unique
gapped ground state of the infinite chain with (the formal infinite volume limit of) the Hamiltonian Ĥ .
Moreover, when the Hamiltonian Ĥ has relevant symmetry, one can associate the ground state ω with a
unique topological index, i.e., the Ogata index [21, 23], that characterizes the SPT phases. See [27].

Haldane [1, 2, 3] studied standard one-dimensional spin systems including the spin S antiferromagnet
Heisenberg chain with the Hamiltonian

ĤHeis =

L
∑

j=1

Ŝj · Ŝj+1, (2.3)

4An example is the sequence 2, 4, . . . of even numbers.
5To be precise, for each i, we define the ground state |Φ

(i)
GS〉 on the finite chain {−(Li/2) + 1, . . . , Li/2} by shifting the

original ground state on {1, . . . , Li}. Then the state ω is defined by ω(Â) = limi↑∞〈Φ
(i)
GS|Â|Φ

(i)
GS〉 for any local operator Â. See,

e.g., [4, 27] for more details.
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p q

〉 |↑〉 |↓〉 − |↓〉

= |↑〉p|↓〉q − |↓〉p|↑〉q

(c)

(a)

(b)

Figure 1: In all the figures in the present paper, a black dot represents a spin with S = 1
2
. (a) Two

black dots connected by a solid line stands for the valence-bond, i.e., the spin-singlet formed by two
spins. (b) The diagrammatic representation of the S = 1 AKLT state (2.5). Two black dots, i.e., two
spin 1

2
’s, surrounded by an oval denote the symmetrized state, which is a state of S = 1. See (4.1) for

the precise definition. (c) The diagrammatic representation of the S = 2 AKLT state (2.6). In this
case, the symmetrization of four spin 1

2
’s gives an S = 2 spin.

where L is even, and argued that the model has a unique gapped ground state when S is an integer. This
conclusion is not yet rigorously proved for standard models but is known to be valid for the Affleck-Kennedy-
Lieb-Tasaki (AKLT) model with the Hamiltonian

ĤAKLT =

L
∑

j=1

P̂Stot>S
j,j+1 , (2.4)

where P̂Stot>S
j,j+1 denotes the projection operator onto the sector in which the total spin at two sites j and j+1

is larger than S [7, 8].6 In the original work [7, 8], it was proved that the S = 1 chain with the Hamiltonian
(2.4) has a unique gapped ground state. The same conclusion for the chain with general integer S was
later proved by Fannes, Nachtergaele, and Werner as an application of the general theory of matrix product
states. See section 7.3 of [9]. The ground states of the AKLT model, which are called the AKLT states or
the valence-bond solid (VBS) states, are compactly expressed in terms of valence-bonds, i.e., spin-singlets7

formed by two S = 1
2 spins, and projection operators as

|ΦAKLT〉 =
(

L
⊗

j=1

Ŝj

)(

L
⊗

j=1

{

|↑〉(j,b)|↓〉(j+1,a) − |↓〉(j,b)|↑〉(j+1,a)

}

)

, (2.5)

for S = 1, and

|ΦAKLT〉 =
(

L
⊗

j=1

Ŝj

)(

L
⊗

j=1

{

|↑〉(j,b)|↓〉(j+1,a) − |↓〉(j,b)|↑〉(j+1,a)

}

⊗
{

|↑〉(j,d)|↓〉(j+1,c) − |↓〉(j,d)|↑〉(j+1,c)

}

)

, (2.6)

for S = 2. See sections 4 and 5, respectively, for the notation.
The AKLT states have simple diagrammatic representations as in Figure 1. Note that there are two

valence-bonds attached to each site in (a), which means that each site carries two spin 1
2 ’s forming a spin

with S = 1. Similarly, there are four valence-bonds attached to each site in (b), which correspond to having
S = 2 spin at each site. One can draw similar diagrams for the AKLT state with any integer S, in which
each pair of neighboring sites carries S valence-bonds. When S is a half-odd integer, on the other hand, each
site should consist of an odd number (which is 2S) of spin 1

2 ’s. Forming a state in terms of valence-bonds
with limited length is impossible without breaking translation invariance. See Figure 2. One thus sees a
clear qualitative difference between spin chains with integer S and half-odd integer S, i.e., one can form
a translation-invariant state by using short-ranged valence-bonds only when S is an integer. This is the
valence-bond picture that explains Haldane’s discovery.

Next, consider the trivial Hamiltonian

Ĥtrivial =
L
∑

j=1

(Ŝ
(z)
j )2. (2.7)

6Recall that the total spin Stot of two spins with quantum number S takes the values 0, 1, . . . , 2S.
7We here define valence-bond as an unnormalized state |↑〉p|↓〉q − |↓〉p|↑〉q .
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Figure 2: States of the S = 3/2 chain that can be constructed by using valence-bonds of unit length.
Since there must be three valence-bonds attached to each site, one inevitably gets non-translationally-
invariant states.

When S is an integer, the Hamiltonian has a unique gapped ground state

|Φzero〉 =
L
⊗

j=1

|0〉j, (2.8)

which we call the zero state. Note that the truncated correlation function of the zero state is vanishing.
As we discussed in section 2, we shall focus on the question of whether the AKLT model (2.4) is contin-

uously connected to the trivial model (2.7) within the whole space M or within the restricted space MΣ for
the three types of symmetry Σ. Our strategy is to explicitly construct disordered states, which we call the
asymmetric VBS states, that continuously interpolate between the AKLT state and the zero state.

Finally, we shall be more specific about the types of symmetry. For SPT phases in quantum spin
chains, the relevant symmetries are those with respect to (i) the time-reversal transformation, (ii) the Z2 ×
Z2 transformation, and (iii) the bond-centered inversion transformation. Let us briefly discuss the three
symmetries. See, e.g., [4] for details.

(i) The time-reversal transformation for a single spin with S = m is described by the antiunitary operator
Θ̂ that acts on the basis states as

Θ̂|m〉 = (−1)S−m| −m〉. (2.9)

When S = 1
2 , we have

Θ̂|↑〉 = |↓〉, Θ̂|↓〉 = −|↑〉. (2.10)

The time-reversal transformation of the spin chain, which we denote by the same symbol Θ̂, is defined as
the antiunitary operator that acts on basis state on each site as (2.9) or (2.10).

(ii) The Z2 × Z2 transformation is generated by the global π-rotations of the spins about two mutually
orthogonal axes, e.g., the y-axis and the z-axis. They are described by the unitary operators Û (y) =

exp[−iπ∑L
j=1 Ŝ

(y)
j ] and Û (z) = exp[−iπ∑L

j=1 Ŝ
(z)
j ].

(iii) The bond-centered inversion transformation is the unitary transformation induced by the inversion
transformation j → L+ 1− j. (Note that this inversion is centered at the bond (L, 1).) It acts on the basis
state (2.1) as

Ûinv

L
⊗

j=1

|mj〉j =
L
⊗

j=1

|mL+1−j〉j . (2.11)

3 Asymmetric valence-bond

Let us define the asymmetric valence-bond8, and discuss its basic transformation properties. The asymmetric
valence-bond is the building block of the asymmetric VBS state.

Consider a system of two sites, which we call p and q, and associate each site with a spin with S = 1
2 .

For µ such that 0 ≤ µ ≤ 1, we define the asymmetric valence-bond as

|ψ(µ)
p,q 〉 = |↑〉p|↓〉q − µ |↓〉p|↑〉q. (3.1)

8We note this is a slight abuse of terminology since a valence-bond should not be asymmetric.
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〉 = |↑〉p|↓〉q − µ |↓〉p|↑〉q.
p q

Figure 3: The asymmetric valence-bond |ψ
(µ)
p,q 〉 that consists of two S = 1

2
’s at sites p and q. Unlike the

spin-singlet, the state |ψ
(µ)
p,q 〉 is not invariant if one switches p and q. We thus represent the asymmetric

valence-bond diagrammatically by a line with an arrow.

Note that the state |ψ(µ)
p,q 〉 with µ = 1 is nothing but the spin-singlet or the standard valence-bond. Although

the spin-singlet is invariant under the inversion p ↔ q in the sense that |ψ(1)
p,q〉 = −|ψ(1)

q,p〉, the state |ψ(µ)
p,q 〉

with µ < 1 does not have such (bond-centered) inversion symmetry. We thus represent the asymmetric
valence-bond diagrammatically by an oriented segment as in Figure 3.

From (3.1) and (2.10) we find that the asymmetric valence-bond transforms under the time-reversal as

Θ̂|ψ(µ)
p,q 〉 = −|ψ(µ)

q,p 〉, (3.2)

where one should note that p and q are switched on the right-hand side. Recalling the above remark about
the inversion invariance, one finds that the state is not time-reversally invariant unless µ = 1. Likewise, we
find that the state transforms under the Z2 × Z2 transformation as

Û (y)|ψ(µ)
p,q 〉 = −|ψ(µ)

q,p 〉, Û (z)|ψ(µ)
p,q 〉 = |ψ(µ)

p,q 〉. (3.3)

Again the asymmetric valence-bond |ψ(µ)
p,q 〉 is not Z2 × Z2 invariant unless µ = 1.

4 The asymmetric VBS state for the S = 1 chain

We consider an S = 1 system on the chain with L sites (where L is an arbitrary positive integer) with the
periodic boundary condition and define the asymmetric VBS state. We shall show that the asymmetric
VBS state continuously connects the AKLT state (2.5) and the zero state (2.8), but lacks any of the three
relevant symmetries. We note that our state is similar to those constructed and discussed by Bachmann
and Nachtergaele in [25] and section 3 of [26] in order to connect the AKLT state and the zero state. We
also find that the asymmetric VBS state can be regarded as a particular case of the general matrix product
states constructed in [28]. It is similar to but different from the q-deformed AKLT state, i.e., Example 7 of
[9].

4.1 The state and the (lack of) symmetry

We follow the original construction of the AKLT state [7, 8] and represent a spin with S = 1 in terms of two
spins with S = 1

2 . Consider two S = 1
2 spins labeled by a and b. We define the projection operator onto the

triplet as

Ŝ = |1〉 b〈↑|a〈↑|+ |0〉b〈↓|a〈↑|+ b〈↑|a〈↓|√
2

+ |−1〉 b〈↓|a〈↓|, (4.1)

where |m〉 with m = 0,±1 denote the standard basis states of a spin with S = 1. Note that Ŝ can be
interpreted as the symmetrization operator [7, 8, 4].

We consider the duplicated chain obtained by doubling each site in the original chain, and label doubled
sites as (j, a) and (j, b) with j = 1, . . . , L. We associate each site in the duplicated chain with an S = 1

2
spin. Then we define the S = 1 asymmetric VBS state characterized by the parameter µ ∈ [0, 1] as

|Ψµ〉 =
(

L
⊗

j=1

Ŝj

)(

L
⊗

j=1

|ψ(µ)
(j,b),(j+1,a)〉

)

, (4.2)

where |ψ(µ)
(j,b),(j+1,a)〉 is the asymmetric valence-bond (3.1) and Ŝj is the operator (4.1) that acts on the two

spins on sites (j, a) and (j, b). See Figure 4.
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a b

j j + 1 j + 2j − 1(a)

(b)

(c)

Figure 4: The construction of the S = 1 asymmetric VBS state. (a) The original chain with L sites.
(b) The duplicated chain. We doubled a single site j into two sites (j, a) and (j,b). (c) The S = 1
asymmetric VBS state. A gray oval represents the symmetrization of two spin 1

2
’s, which gives an

S = 1.

Clearly the asymmetric VBS state (4.2) coincides with the AKLT state (2.5) when µ = 1. For µ = 0, we
see from (3.1) and (4.1) that

|Ψ0〉 =
(

L
⊗

j=1

Ŝj

)(

L
⊗

j=1

|↑〉(j,b)|↓〉(j+1,a)

)

= 2−L/2
L
⊗

j=1

|0〉j = 2−L/2 |Φzero〉. (4.3)

We thus see that the asymmetric VBS state |Ψµ〉 continuously interpolates between the AKLT state (2.5)
and the zero state (2.8).

From (3.2) and (3.3), one easily sees that the asymmetric VBS state |Ψµ〉 with 0 < µ < 1 is not
invariant under the time-reversal, the Z2 × Z2, or the bond-centered inversion transformation. Recall that
the AKLT state |Ψ1〉 is invariant under these three transformations. Although the asymmetric valence-bond

|ψ(µ)
(j,b),(j+1,a)〉 with µ = 0 lacks the symmetry, the zero state (4.3) as a whole is invariant under the three

transformations.

4.2 The matrix product representation and correlation functions

Recalling that |ψ(µ)
(j,b),(j+1,a)〉 is a sum of two terms as in (3.1), one can expand the asymmetric VBS state

(4.2) into a sum of 2L terms. The expansion is neatly expressed in the matrix product form

|Ψµ〉 =
S
∑

m1,...,mL=−S

Tr[A(m1) · · ·A(mL)] |m1〉1 ⊗ · · · ⊗ |mL〉L, (4.4)

where we set S = 1 in the present section. It is found that the matrices in (4.4) may be chosen as

A
(1) =

(

0 0
−√

µ 0

)

, A
(0) =

1√
2

(

1 0
0 −µ

)

, A
(−1) =

(

0
√
µ

0 0

)

. (4.5)

See, e.g., section 7.2.2 of [4] for details.
From the matrix product representation (4.4), one finds that the normalization of the asymmetric VBS

state is expressed as
〈Ψµ|Ψµ〉 = Tr[TL], (4.6)

where the transfer matrix T is the 4× 4 matrix defined as

(T)(α,β),(α′,β′) :=

S
∑

m=−S

(A(m))α,α′(A(m))β,β′ . (4.7)

By using (4.5), we find

T =









1
2 µ 0 0

µ µ2

2 0 0
0 0 −µ

2 0
0 0 0 −µ

2









, (4.8)
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Figure 5: The eigenvalues (4.9). They are ordered as λ+ > 0 > λ− > λ0 for µ ∈ (0, 1).

where the entries appear in the order (1,1), (2,2), (1,2), (2,1). One readily finds that T has eigenvalues

λ0 = −µ
2
, λ± =

µ2 + 1±
√

µ4 + 14µ2 + 1

4
, (4.9)

where λ0 is doubly degenerate. See Figure 5.
Let Ô and Ô′ be arbitrary operators that act on a single spin, and denote by Ôj and Ô′

k their copies
at sites j and k. Then for any 1 ≤ j < k ≤ L, we see that the unnormalized correlation function has a
representation

〈Ψµ|ÔjÔ
′
k|Ψµ〉 = Tr[DÔ T

k−j−1
DÔ′ T

L−k+j−1], (4.10)

where we defined the 4× 4 matrix DÔ corresponding to an arbitrary operator O by

(DÔ)(α,β),(α′,β′) =

S
∑

m,m′=−S

(A(m))α,α′〈m|Ô|m′〉(A(m′))β,β′ . (4.11)

In particular, we find from explicit computations that the spin-spin correlation functions for any j 6= k
are given by

〈Ŝ(z)
j Ŝ

(z)
k 〉µ =

4

3

(λ−
λ+

)|j−k|
, (4.12)

and

〈Ŝ(x)
j Ŝ

(x)
k 〉µ = 〈Ŝ(y)

j Ŝ
(y)
k 〉µ =

(λ+ + 1
2 )(λ+ + µ2

2 )

2(λ+ − µ2+1
4 )λ+

( λ0
λ+

)|j−k|
, (4.13)

where

〈 · 〉µ = lim
L↑∞

〈Ψµ| · |Ψµ〉
〈Ψµ|Ψµ〉

(4.14)

denotes the expectation value in the infinite volume limit of the asymmetric VBS state. Noting that λ+ > 0,
|λ−/λ+| < 1, and |λ0/λ+| < 1 for any µ ∈ [0, 1], we see that the spin-spin correlation functions in the
asymmetric VBS state always exhibit exponential decay accompanied by antiferromagnetic oscillation. We
note that the correlation lengths are uniformly bounded in the whole range µ ∈ [0, 1].

More generally, one can prove that any truncated correlation function decays exponentially.

Theorem 4.1 For arbitrary single-site operators Ô, Ô′, arbitrary µ ∈ [0, 1], and arbitrary j, k ≥ 1, we have

∣

∣

∣〈ÔjÔ
′
k〉µ − 〈Ôj〉µ〈Ô′

k〉µ
∣

∣

∣ ≤ C
∣

∣

∣

λ0
λ+

∣

∣

∣

|j−k|
, (4.15)

where C is a constant that may depend only on the operators and µ.

We conclude that the S = 1 asymmetric VBS state (4.2) is disordered for all µ ∈ [0, 1].
We note that |Ψµ〉 exhibits nonzero string order (which reveals the hidden antiferromagnetic order [10])

in the z-direction for any µ ∈ (0, 1].9 But this fact has little physical significance since the model does not
have the Z2 × Z2 symmetry (except at µ = 1 or 0). See, e.g., chapter 8 of [4] for details.

9The string order in the x or y-direction presents only for µ = 1.
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4.3 The interpolating Hamiltonians

The existence of the asymmetric VBS states suggests that the AKLT model (2.4) and the trivial model (2.7)
are continuously connected. We shall prove this fact explicitly by constructing interpolating Hamiltonians.

Theorem 4.2 There is a one-parameter family Ĥµ (with µ ∈ [−1, 1]) of short-ranged translation-invariant

Hamiltonians such that Ĥµ depends on µ continuously and that Ĥ1 = ĤAKLT and Ĥ−1 = Ĥtrivial. For

µ ∈ [0, 1], the asymmetric VBS state |Ψµ〉 is the unique gapped ground state of Ĥµ. For µ ∈ [−1, 0], the zero

state |Φzero〉 is the unique gapped ground state of Ĥµ.

The theorem implies that the AKLT Hamiltonian (2.4) and the trivial Hamiltonian (2.7) for the S = 1 chain
belong to the same phase in the large space of models M. This fact was already proved by Bachman and
Nachtergaele through explicit models [25, 26] and by Ogata through a general theory [18, 19, 20].

Proof: The proof consists of several steps. To begin with, we construct Hamiltonians by using projection
operators as in the original approach to the AKLT model [7, 8, 4]. Note that the restriction of the asymmetric
VBS state |Ψµ〉 on an arbitrary pair of adjacent sites j and j + 1 is formed by a combination of the states

(Ŝj ⊗ Ŝj+1)
(

|σ〉(j,a) ⊗ |ψ(µ)
(j,b),(j+1,a)〉 ⊗ |σ′〉(j+1,b)

)

, (4.16)

with σ, σ′ =↑, ↓. By using (3.1) and (4.1), we rewrite these four states in terms of the standard basis states
for S = 1 as

|1〉j |0〉j+1 − µ|0〉j |1〉j+1, |1〉j |−1〉j+1 −
µ

2
|0〉j |0〉j+1,

1
2 |0〉j|0〉j+1 − µ|−1〉j|1〉j+1, |0〉j |−1〉j+1 − µ|−1〉j|0〉j+1. (4.17)

Let us concentrate on the nine-dimensional Hilbert space corresponding to the spins at j and j + 1. We

let P̂
(µ)
j,j+1 be the projection operator onto the five-dimensional subspace that is orthogonal to the four-

dimensional subspace spanned by the states (4.17). We then define our Hamiltonian as

Ĥ ′
µ =

L
∑

j=1

P̂
(µ)
j,j+1, (4.18)

for any µ ∈ [0, 1]. Note that Ĥ ′
µ is continuous in µ. It is easily checked that this Hamiltonian with µ = 1 is

nothing but the AKLT Hamiltonian (2.4). Noting that P̂
(µ)
j,j+1|Ψµ〉 = 0 by definition, we see that |Ψµ〉 is a

ground state of Ĥ ′
µ with the ground state energy 0 for any µ ∈ [0, 1].

We conjecture that the asymmetric VBS state |Ψµ〉 is the unique gapped ground state of Ĥ ′
µ for any

µ ∈ [0, 1]. If we could verify this conjecture, we could simply use Ĥ ′
µ as the interpolating Hamiltonian.

Unfortunately, the conjecture can be justified only partially, as we shall see below.10 First, we recall that
the VBS state |Ψ1〉 is proved to be the unique gapped ground state of the AKLT Hamiltonian Ĥ ′

1 = ĤAKLT

[8, 30, 4]. Secondly, it is easy to show that the zero state |Ψ0〉 is the unique gapped ground state of Ĥ ′
0.

11

Thirdly, these results for µ = 1 and µ = 0 and the rigorous perturbation theories [31, 32, 33] guarantee that
Ĥ ′

µ has a unique gapped ground state when µ ∈ [0, 1] is sufficiently small or sufficiently close to 1. Thus

we have proved that the asymmetric VBS state |Ψµ〉 is the unique gapped ground state of Ĥ ′
µ when µ is

sufficiently close to 0 or 1.
Next, we prepare another family of interpolating Hamiltonians by making use of the general theory of

injective matrix product states developed by Fannes, Nachtergaele, and Werner [9, 34]. The theory applies

10 The uniqueness of the ground state can indeed be proved for any µ ∈ [0, 1] by a straightforward extension of the method
developed in [29]. (See also section 7.1.3 of [4].) But we do not use this general result here. It is also likely that the existence
of a gap for any µ ∈ [0, 1] can be proved by extending the method of Knabe [30] (see also section 7.1.4 of [4]).

11 We first prove the uniqueness. From (4.17), we see that any ground state should locally consist of |1〉j |0〉j+1, |1〉j |−1〉j+1,
|0〉j |0〉j+1, or |0〉j |−1〉j+1. The only global solution is the zero state if we impose the periodic boundary condition.

To prove the existence of a gap, consider a state of the form |σ〉 =
⊗L

j=1 |σj〉j with σj = ±1, 0, and σk 6= 0 for at least one

k. Then there is at least one pair j, j + 1 of neighboring sites such that the spin configuration (σj , σj+1) differs from the four

configurations listed above. This means 〈σ|Ĥ0|σ〉 ≥ 1. Since |σ〉 is orthogonal to the ground state |Φzero〉, we see that there is
a gap, which is equal to 1.
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to the asymmetric VBS state with µ ∈ (0, 1], but not to that with µ = 0. It is shown that there exists a
family of short-ranged Hamiltonians Ĥ ′′

µ that depends continuously on µ such that |Ψµ〉 is a unique gapped

ground state of Ĥ ′′
µ for any µ ∈ (0, 1]. See Appendix A for a technical point that is necessary for the use of

the general theory.
We can now define desired interpolating Hamiltonians for µ ∈ [0, 1]. Recall that we have not proved the

existence of a gap in Ĥ ′
µ for intermediate µ and that Ĥ ′′

µ is not defined for µ = 0. We, therefore, combine
the two interpolating Hamiltonians as

Ĥµ = Ĥ ′
µ + f(µ) Ĥ ′′

µ , (4.19)

with an arbitrary continuous function f(µ) such that f(0) = f(1) = 0 and f(µ) > 0 for µ ∈ (0, 1). Clearly Ĥµ

is defined for all µ ∈ [0, 1], depends continuously on µ, coincides with ĤAKLT when µ = 1, and is rigorously
guaranteed to have |Ψµ〉 as its unique gapped ground state.

We finally have to note that our Ĥ0 and the trivial Hamiltonian (2.7) are very different, although they
share the zero state (2.8) as their ground states. In order to connect Ĥ0 and the trivial Hamiltonian (2.7),
we extended the range of µ to [−1, 1] and define

Ĥµ = −µ Ĥtrivial + (1 + µ) Ĥ0, (4.20)

for µ ∈ [−1, 0]. One can easily verify that, for µ ∈ [−1, 0], the Hamiltonian Ĥµ always has the zero state
(2.8) as its unique gapped ground state.

4.4 The edge states and spin pumping

Although the Hamiltonian (4.18) has a unique (and probably gapped) ground state12 for any µ ∈ [0, 1], its
counterpart with open boundary conditions, i.e.,

Ĥopen
µ =

L−1
∑

j=1

P̂
(µ)
j,j+1, (4.21)

has four-fold degenerate ground states given by

|Ψσ,σ′

µ 〉 =
(

L
⊗

j=1

Ŝj

)(

|σ〉(1,a) ⊗
(

L−1
⊗

j=1

|ψ(µ)
(j,b),(j+1,a)〉

)

⊗ |σ′〉(L,b)

)

, (4.22)

for any σ, σ′ =↑, ↓.
As is clear from the expression (4.22), the degeneracy reflects the emergence of the S = 1

2 degrees of
freedom at the edges. It should be noted that this is valid for the Hamiltonian (4.18) with any µ ∈ [0, 1].
We see that there is something “topological” even in the Hamiltonian Ĥ0, which has the trivial zero state
(2.8) as the ground state. This interesting point was emphasized by Bachmann and Nachtergaele [26].

By setting µ = 0 in (3.1), we see |ψ(0)
p,q〉 = | ↑〉p| ↓〉q, and hence |Ψ↓,↑

0 〉 = ⊗L
j=1|0〉j from (4.22). This

means that one can continuously deform the AKLT state |Ψ↓,↑
1 〉 with apparent edge spins into the zero

state ⊗L
j=1|0〉j without edge spins. One can further apply the inverse deformation, but with left and right

reversed, to continuously modify the zero state ⊗L
j=1|0〉j into another AKLT state |Ψ↑,↓

1 〉. Combining these

two processes, we have a continuous path of states that connect the two AKLT states |Ψ↓,↑
1 〉 and |Ψ↑,↓

1 〉. The
two states are, of course, the ground states of the same Hamiltonian Ĥopen

1 , but differ in their edge states.

The process that continuously brings |Ψ↓,↑
1 〉 into |Ψ↑,↓

1 〉 can be regarded as an example of spin pumping
[35, 36, 37]. Since the S(z) = ±1/2 spins at both ends are exchanged, one can say that S(z) = 1 is pumped
from right to left in this process. We note that, unlike in the previous examples [36, 37], the pumping is
realized here only by using translationally invariant Hamiltonians. The existence of nonzero spin pumping
in this process is not an accident but a consequence of the fact that the path connects the two states, |Ψ↓,↑

1 〉
and |Ψ↑,↓

1 〉, in the nontrivial SPT phase via the state ⊗L
j=1|0〉j in the trivial SPT phase. This observation is

closely related to recent studies of the topological characterization of paths in the space of models [38, 39, 40].
See [41] for a brief announcement, and [42] for details.

12See footnote 10.
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4.5 The modification operator

Let us discuss an interesting method of generating the asymmetric VBS state with µ > 0 by modifying
the AKLT state.13 Consider the chain {1, . . . , L} with open boundary conditions, and define the Hermitian
operator

M̂µ = µ
∑

L
j=1 jŜ

(z)
j , (4.23)

which is invertible for µ ∈ (0, 1]. By writing M̂ = exp[−i
∑L

j=1 κjŜ
(z)
j ] with κ = i logµ, we see that M̂ can

be regarded as the twist operator of Bloch [43] and Lieb, Schultz, and Mattis [44], but with purely imaginary
rotation angle.

If |Φ〉 is a nearly translation-invariant state on the open chain, the state M̂µ|Φ〉 with µ < 1 is, in general,

a highly non-translation-invariant state in which configurations with large negative
∑L

j=1 jŜ
(z)
j (which may

be regarded as polarization) have large weights.14 But the situation is essentially different for the AKLT
state.

To see how M̂µ acts on the AKLT state |Φσ,σ′

AKLT〉 = |Ψσ,σ′

1 〉, we first note that

M̂µ

(

L
⊗

j=1

Ŝj

)

=
(

L
⊗

j=1

Ŝj

)

µ
∑L

j=1 j(Ŝ
(z)
j,a+Ŝ

(z)
j,b), (4.24)

and then observe that

µjŜ
(z)
j,b+(j+1)Ŝ

(z)
j+1,a |ψ(1)

(j,b),(j+1,a)〉 = µjŜ
(z)
j,b+(j+1)Ŝ

(z)
j+1,a

(

|↑〉j,b|↓〉j+1,a − |↓〉j,b|↑〉j+1,a

)

= µ−1/2 |↑〉j,b|↓〉j+1,a − µ1/2 |↓〉j,b|↑〉j+1,a

= µ−1/2 |ψ(µ)
(j,b),(j+1,a)〉. (4.25)

We then find from (4.22) and (4.24) that

M̂µ|Ψσ,σ′

1 〉 = µσ+Lσ′

µ−L/2 |Ψσ,σ′

µ 〉, (4.26)

where we understand that σ, σ′ = ± 1
2 . Remarkably, we get the asymmetric VBS state |Ψσ,σ′

µ 〉 by modifying

the AKLT state |Ψσ,σ′

1 〉 with the operator M̂µ.

Since the AKLT Hamiltonian Ĥopen
1 and its modification K̂µ = M̂µĤ

open
1 M̂−1

µ have exactly the same

spectra, one readily finds that the asymmetric VBS states |Ψσ,σ′

µ 〉 are the only “ground states” accompanied

by a nonzero gap of the “Hamiltonian” K̂µ. Of course, K̂µ is not what we want since it is not Hermitian.

The operator K̂ ′
µ = M̂−1

µ Ĥopen
1 M̂−1

µ is Hermitian and has |Ψσ,σ′

µ 〉 as ground states, but it is extremely
long-ranged. By using the procedure known as Witten’s conjugation [45, 46], one can modify the AKLT
Hamiltonian Ĥopen

1 to get a Hermitian operator with short-ranged interactions, which we call ĤWC
µ , that

has |Ψσ,σ′

µ 〉 as ground states. It turns out that our Ĥopen
µ is a particular case of ĤWC

µ . See Appendix B.

5 The asymmetric VBS state for the S = 2 chain

We now consider a quantum spin system with S = 2 on the same periodic chain with L sites (where L
is an arbitrary positive integer) and define the asymmetric VBS state. Again the asymmetric VBS state
continuously interpolates between the AKLT state (2.6) and the zero state (2.8), but now always possesses
the three types of symmetry, i.e., the time-reversal symmetry, the Z2×Z2 symmetry, and the bond-centered
inversion symmetry. As noted in section 1, Pollmann, Turner, Berg, and Oshikawa [16] constructed and
discussed a family of matrix product states for the S = 2 chain that plays the same role. Our approach
may be advantageous since it is based on the unified construction based on the asymmetric valence-bonds,
and leads to much simpler matrix product states where the basic properties can be calculated without a
computer. We also note that the S = 2 asymmetric VBS state is essentially the same as one of the general
matrix product states defined in [47].15

13 We learned this method from Hosho Katsura.
14This may be interpreted as a non-Hermitian skin effect in a spin chain.
15 We learned this fact from Hosho Katsura.
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j j + 1 j + 2j − 1(a)
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c d

Figure 6: The construction of the S = 2 asymmetric VBS state. (a) The original chain with L sites.
(b) The quadruplicated chain. We quadruplicate a single site j into four sites (j, a), (j,b), (j, c), and
(j,d). (c) The S = 2 asymmetric VBS state. A gray oval denotes symmetrization of four spin 1

2
’s,

which gives an S = 2. Note that the two asymmetric valence-bonds connecting two neighboring sites
(in the original chain) have opposite orientations. In this manner, the asymmetry is canceled, and one
gets a state which is invariant under the time-reversal, the Z2 × Z2, and the bond-centered inversion
transformation.

5.1 The state and its symmetry

The construction of the asymmetric VBS state for the S = 2 chain is analogous to that for the S = 1 chain.
We shall be brief and discuss only the main differences.

This time we represent a spin with S = 2 as a composite of four spins with S = 1
2 . To be precise, consider

four S = 1
2 spins labeled as a, b, c, and d. Then we define the projection operator onto the S = 2 states (or,

equivalently, the symmetrization operator) by

Ŝ = |2〉 d〈↑|c〈↑|b〈↑|a〈↑|

+ |1〉d〈↓|c〈↑|b〈↑|a〈↑|+ d〈↑|c〈↓|b〈↑|a〈↑|+ d〈↑|c〈↑|b〈↓|a〈↑|+ d〈↑|c〈↑|b〈↑|a〈↓|
2

+ |0〉d〈↓|c〈↓|b〈↑|a〈↑|+ d〈↓|c〈↑|b〈↓|a〈↑|+ d〈↓|c〈↑|b〈↑|a〈↓|+ d〈↑|c〈↓|b〈↓|a〈↑|+ d〈↑|c〈↓|b〈↑|a〈↓|+ d〈↑|c〈↑|b〈↓|a〈↓|√
6

+ |−1〉d〈↓|c〈↓|b〈↓|a〈↑|+ d〈↓|c〈↓|b〈↑|a〈↓|+ d〈↓|c〈↑|b〈↓|a〈↓|+ d〈↑|c〈↓|b〈↓|a〈↓|
2

+ |−2〉 d〈↓|c〈↓|b〈↓|a〈↓|, (5.1)

where |m〉 with m = 0,±1,±2 denotes the basis states of a spin with S = 2.
We define the quadruplicated chain with 4L sites that has four sites (j, a), (j, b), (j, c), and (j, d) cor-

responding to a single site j in the original chain. As before, we associate each site in the quadruplicated
chain with a S = 1

2 spin, and define the asymmetric VBS state by

|Ψµ〉 =
(

L
⊗

j=1

Ŝj

)(

L
⊗

j=1

|ψ(µ)
(j,b),(j+1,a)〉 ⊗ |ψ(µ)

(j+1,c),(j,d)〉
)

, (5.2)

where, again, Ŝj is the operator (5.1) for site j. It is crucial here that the two asymmetric valence-bonds
connecting the neighboring sites j and j + 1 have opposite orientations. See Figure 6.

It is again obvious that (5.2) with µ = 1 is the AKLT state (2.6). We also see, as in (4.3), that (5.2)
with µ = 0 is proportional to the zero state (2.8). We have confirmed that the asymmetric VBS state |Ψµ〉
continuously interpolates between the AKLT state and the zero state for the S = 2 chain.

Let us examine the symmetry of the S = 2 asymmetric VBS state (5.2). By the bond-centered inversion
j → L+ 1− j, the state on the bond (L,1) transforms as

|ψ(µ)
(L,b),(1,a)〉 ⊗ |ψ(µ)

(1,c),(L,d)〉 → |ψ(µ)
(1,a),(L,b)〉 ⊗ |ψ(µ)

(L,d),(1,c)〉. (5.3)

Note that the resulting state is the same as the original if we switch the roles of the labels as a ↔ c and
b ↔ d. We thus see, along with similar considerations for other bonds, that the asymmetric VBS state (5.2)
as a whole is invariant under the bond-centered inversion.
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Likewise, we see that the state on a bond (j, j + 1) transforms under the time-reversal (3.2) as

Θ̂|ψ(µ)
(j,b),(j+1,a)〉 ⊗ |ψ(µ)

(j+1,c),(j,d)〉 = |ψ(µ)
(j+1,a),(j,b)〉 ⊗ |ψ(µ)

(j,d),(j+1,c)〉, (5.4)

and under Z2 × Z2 transformation as

Û (y)|ψ(µ)
(j,b),(j+1,a)〉 ⊗ |ψ(µ)

(j+1,c),(j,d)〉 = |ψ(µ)
(j+1,a),(j,b)〉 ⊗ |ψ(µ)

(j,d),(j+1,c)〉, (5.5)

Û (z)|ψ(µ)
(j,b),(j+1,a)〉 ⊗ |ψ(µ)

(j+1,c),(j,d)〉 = |ψ(µ)
(j,b),(j+1,a)〉 ⊗ |ψ(µ)

(j+1,c),(j,d)〉. (5.6)

We thus find that the asymmetric VBS state |Ψµ〉 is invariant under both the time-reversal and the Z2 ×Z2

transformation. The essential difference from the S = 1 state comes from the fact that the asymmetry
(or the direction) on each pair of neighboring sites can be canceled in the S = 2 state, where one has two
asymmetric valence-bonds connecting neighboring sites.

5.2 The matrix product representation and correlation functions

The property of the S = 2 asymmetric VBS state becomes clear by representing it as a matrix product
state. In this case, we have three alternatives for each bond, namely, −µ|↑〉(j,b)|↑〉(j,d)|↓〉(j+1,a)|↓〉(j+1,c) or
|↑〉(j,b)|↓〉(j,d)|↓〉(j+1,a)|↑〉(j+1,c) + µ2|↓〉(j,b)|↑〉(j,d)|↑〉(j+1,a)|↓〉(j+1,c) or −µ|↓〉(j,b)|↓〉(j,d)|↑〉(j+1,a)|↑〉(j+1,c). This
leads to the representation (4.4), where we now set S = 2, with five 3× 3 matrices

A
(2) =





0 0 0
0 0 0
−µ 0 0



 , A
(1) =

1

2





0 0 0
√

µ(1 + µ2) 0 0

0 −
√

µ(1 + µ2) 0



 , A
(0) =

1√
6





−µ 0 0
0 1 + µ2 0
0 0 −µ



 ,

A
(−1) =

1

2





0 −
√

µ(1 + µ2) 0

0 0
√

µ(1 + µ2)
0 0 0



 , A
(−2) =





0 0 −µ
0 0 0
0 0 0



 . (5.7)

The corresponding transfer matrix (4.7) is given by

T =





































µ2

6
µ(1+µ2)

4 µ2 0 0 0 0 0 0
µ(1+µ2)

4
(1+µ2)2

6
µ(1+µ2)

4 0 0 0 0 0 0

µ2 µ(1+µ2)
4

µ2

6 0 0 0 0 0 0

0 0 0 −µ(1+µ2)
6 −µ(1+µ2)

4 0 0 0 0

0 0 0 −µ(1+µ2)
4 −µ(1+µ2)

6 0 0 0 0

0 0 0 0 0 −µ(1+µ2)
6 −µ(1+µ2)

4 0 0

0 0 0 0 0 −µ(1+µ2)
4 −µ(1+µ2)

6 0 0

0 0 0 0 0 0 0 µ2

6 0

0 0 0 0 0 0 0 0 µ2

6





































, (5.8)

where the entries appear in the order (1,1), (2,2), (3,3), (1,2), (2,3), (2,1), (3,2), (1,3), (3,1). The eigenvalues
of T are easily computed (even without a computer) as

λ1 = 1
12{1 + 9µ2 + µ4 +

√

1 + 8µ2 + 63µ4 + 8µ6 + µ8},
λ2 = 1

12{1 + 9µ2 + µ4 −
√

1 + 8µ2 + 63µ4 + 8µ6 + µ8}, λ3 = −5µ2/6,

λ4 = 1
12µ(1 + µ2), λ5 = − 5

12µ(1 + µ2), λ6 = µ2/6, (5.9)

where λ1, λ2, and λ3 are nondegenerate and λ4, λ5, and λ6 are doubly degenerate. See Figure 7. It is found
that λ1 > 0 and |λj/λ1| < 1 for any j = 2, . . . , 6 and µ ∈ [0, 1]. Here we do not present explicit calculations
of expectation values, and state the following general result that follows from the above observations.

Theorem 5.1 For arbitrary single-site operators Ô, Ô′, arbitrary µ ∈ [0, 1], and arbitrary j, k ≥ 1, we have
∣

∣

∣
〈ÔjÔ

′
k〉µ − 〈Ôj〉µ〈Ô′

k〉µ
∣

∣

∣
≤ C

∣

∣

∣

λ5
λ1

∣

∣

∣

|j−k|
, (5.10)

where C is a constant that may depend only on the operators and µ.

We conclude that the S = 2 asymmetric VBS state (5.2) is disordered for all µ ∈ [0, 1]. We also note that it
exhibits no hidden antiferromagnetic order.
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Figure 7: The eigenvalues (5.9). They are ordered as λ1 > λ4 > λ2 > λ6 > 0 > λ3 > λ5 for µ ∈ (0, 1).
One can hardly distinguish between λ4, λ2, and λ6 in the figure.

5.3 The interpolating Hamiltonians

As in the S = 1 chain, we can construct a family of Hamiltonians that interpolates between the AKLT
model (2.4) and the trivial model (2.7). We have the following theorem, which is identical to Theorem 4.2
for S = 1 except for the final statement about the symmetry.

Theorem 5.2 There is a one-parameter family Ĥµ (with µ ∈ [−1, 1]) of short-ranged translation-invariant

Hamiltonians such that Ĥµ depends on µ continuously and that Ĥ1 = ĤAKLT and Ĥ−1 = Ĥtrivial. For

µ ∈ [0, 1], the asymmetric VBS state |Ψµ〉 is the unique gapped ground state of Ĥµ. For µ ∈ [−1, 0], the zero

state |Φzero〉 is the unique gapped ground state of Ĥµ. Moreover, Ĥµ is invariant under the time-reversal,
the Z2 × Z2, and the bond-centered inversion transformations for any µ ∈ [−1, 1].

The theorem establishes that, for the S = 2 spin chain, the AKLT Hamiltonian (2.4) and the trivial Hamil-
tonian (2.7) are continuously connected not only within the large space M but also within the smaller spaces
MΣ with symmetry, where Σ can be either the time-reversal, the Z2 × Z2, or the bond-centered inversion
symmetry.16 This provides us with a simple direct demonstration that the S = 2 AKLT model belongs to
the trivial SPT phase.

Proof: The proof is almost parallel to that of Theorem 4.2. We shall be brief and discuss only some
complications unique to the S = 2 model.

As in the S = 1 case, we first consider the projection operator P̂
(µ)
j,j+1 onto the sixteen-dimensional

subspace orthogonal to any of the nine states

(Ŝj ⊗ Ŝj+1)
(

|σ〉(j,a) ⊗ |σ′〉(j,c) ⊗ |ψ(µ)
(j,b),(j+1,a)〉 ⊗ |ψ(µ)

(j+1,c),(j,d)〉 ⊗ |σ′′〉(j+1,b) ⊗ |σ′′′〉(j+1,d)

)

, (5.11)

with σ+σ′ = 0,±1 and σ′′+σ′′′ = 0,±1. If we define the Hamiltonian Ĥ ′
µ as in (4.18), we have Ĥ ′

1 = ĤAKLT.
One can again extend the method in [29, 4] to prove that the S = 2 asymmetric VBS state |Ψµ〉 is the unique
ground state of Ĥ ′

µ, but only for µ ∈ (0, 1]. One easily finds by inspection that Ĥ ′
0 has highly degenerate

ground states. This means that (4.18) is not a proper definition in this case.
To define interpolating Hamiltonians that work for µ = 0 as well, we consider the set of nine states as in

(5.11) defined on the three adjacent sites j, j + 1, and j + 2, and let Q̂
(µ)
j,j+1,j+2 be the projection operator

onto the 116-dimensional subspace orthogonal to all these states. We then define the Hamiltonian Ĥ ′
µ by

Ĥ ′
µ =

L
∑

j=1

P̂
(µ)
j,j+1 + g(µ) Q̂

(µ)
j,j+1,j+2, (5.12)

with a continuous function g(µ) such that g(1) = 0 and g(µ) > 0 for any µ ∈ [0, 1). Now one can easily
show, as in footnote 11, that Ĥ ′

0 has |Ψ0〉 as its unique gapped ground state. Then the rest of the proof is
the same as in the case with S = 1. See again Appendix A for the use of the general theory of injective
matrix product states.

16We note that no spin pumping takes place along this path.
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6 Discussion

For spin chains with S = 1 and S = 2, we defined the asymmetric VBS states |Ψµ〉 parametrized by
µ ∈ [0, 1]. The state |Ψµ〉 continuously interpolates between the AKLT state |Ψ1〉 = |ΦAKLT〉 and the zero

state |Ψ0〉 = |Φzero〉, which is the ground state of the trivial Hamiltonian Ĥtrivial. It is found that |Ψµ〉 is
disordered for any µ ∈ [0, 1] in the sense that truncated correlation functions always decay exponentially. We
also constructed families of Hamiltonians Ĥµ (with µ ∈ [−1, 1]) interpolating between ĤAKLT and Ĥtrivial

whose unique gapped ground state is the asymmetric VBS state |Ψµ〉. In short, the asymmetric VBS states
are disordered ground states that continuously interpolate the disordered ground states of the AKLT model
(2.4) and the trivial model (2.7).

All these properties are common for the states with S = 1 and 2, but there is an essential difference
between the two cases. The asymmetric VBS state with S = 2 is invariant under the time-reversal, the
Z2 × Z2, and the bond-centered inversion transformations for any µ ∈ [0, 1], while that for S = 1 has these
symmetries only for µ = 0 and 1. This is consistent with the fact that the AKLT model and the trivial
model belong to the same SPT phase for S = 2 but to different SPT phases for S = 1.

Of course, the absence of symmetries in the asymmetric VBS state with S = 1 does not show that the
AKLT model and the trivial model are in different phases. (This fact has been proved as a consequence
of Ogata’s general theory of SPT phases [21, 22, 23, 24].) The role of these interpolating states is to
explicitly demonstrate that the two models are continuously connected in the larger space M of models with
no restrictions on symmetry. On the other hand, the fact that the S = 2 asymmetric VBS state always
possesses the three symmetries provides a simple direct proof that the AKLT model (2.4) and the trivial
model (2.7) belong to the same SPT phase for the S = 2 chain.

As was noted before, such families of interpolating disordered states were already constructed by Bachman
and Nachtergale for S = 1 [25, 26] and by Pollmann, Turner, Berg, and Oshikawa for S = 2 [16].17 We
here provided a unified construction that is also easy to understand intuitively. After introducing the notion
of asymmetric valence-bond, we only need to follow standard ideas and methods developed for the AKLT
model.

We stress in particular that the symmetry properties of the asymmetric VBS states are manifest from
their diagrammatic representations. As we discussed in section 3, a single asymmetric valence-bond is not
invariant under the time-reversal, the Z2 × Z2, or the bond-centered inversion transformation. The lack of
symmetries is represented by the arrow in Figure 3. Then it is diagrammatically apparent that the S = 1
asymmetric VBS state also lacks symmetries because the state has one arrow connecting two neighboring
sites as in Figure 8 (a). In the S = 2 asymmetric VBS state, on the other hand, there are two arrows with
opposite directions connecting two sites as in Figure 8 (b). The fact that the state has all the three relevant
symmetries is diagrammatically expressed as the cancelation of the directions of the two arrows.

This discussion naturally extends to spin chains with arbitrary integer spin. If one can construct an
asymmetric VBS state in which the directions of the arrows connecting two neighboring sites cancel, then
the state has the three symmetries relevant to SPT phases. In a spin chain with odd S, where one has an odd
number of asymmetric valence-bonds connecting two sites, a cancelation is never possible. See Figure 8 (c).
Therefore the corresponding asymmetric VBS state cannot have the relevant symmetries. This is consistent
with the fact that the odd S AKLT model belongs to a nontrivial SPT phase. In a spin chain with even S,
where one has an even number of asymmetric valence-bonds connecting two sites, one can arrange asymmetric
valence-bonds so that the directions cancel. See Figure 8 (d). This means that the AKLT state and the
trivial state are continuously connected through disordered (ground) states that have the time-reversal, the
Z2 × Z2, and the bond-centered inversion symmetries. This (along with the construction of interpolating
Hamiltonians) shows that the AKLT model (2.4) belongs to the trivial SPT phase in a spin chain with even
S. In this manner, one can intuitively understand the qualitative difference between spin chains with even
S and odd S, discovered by Oshikawa in 1992 [13] and finally explained by Pollmann, Turner, Berg, and
Oshikawa in 2009 [16], by means of diagrams of asymmetric valence-bonds.

A Injective matrix product states

In sections 4.3 and 5.3, we constructed Hamiltonians based on the general theory of injective matrix product
states developed by Fannes, Nachtergaele, and Werner [9, 34]. To apply the general theory, however, the set

17Bachman and Nachtergale also constructed corresponding Hamiltonians [25, 26].
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(a)

(b)

(c)

(d)

Figure 8: The asymmetric VBS state with (a) S = 1, (b) S = 2, (c) S = 3, and (d) S = 4. The
directions of the arrows connecting two neighboring sites can be canceled for (b) and (d), but not
for (a) and (c). The cancelation implies that the AKLT state and the zero state can be continuously
connected through disordered states that preserve all three types of symmetry relevant to SPT phases.
This simple observation provides us with an intuitive explanation of the qualitative difference between
spin chains with even S and odd S.

of matrices representing a quantum state as in (4.4) should be injective in the sense that (i) the corresponding
transfer matrix (4.7) has a positive nondegenerate eigenvalue λmax such that any other eigenvalue λ satisfies
|λ| < λmax, and (ii) the set of matrices satisfy the normalization condition

S
∑

m=−S

A
(m)(A(m))† = λmax I. (A.1)

From (4.9) and (5.9) one sees that the sets of matrices (4.5) and (5.7) for the asymmetric VBS states
with S = 1 and 2 satisfy the condition (i). But one also finds that the normalization condition (A.1) is not
satisfied unless µ = 1 (where the state is nothing but the AKLT state). By following a general procedure
(see, e.g., [18]), however, one can define sets of matrices that represent the same quantum states and also
satisfy the conditions (i) and (ii), provided that µ > 0.

Let (vα,β)α,β=1,...,D (where D = 2 for S = 1 and D = 3 for S = 2) be the eigenvector of the transfer
matrix T corresponding to the eigenvalue λmax, i.e.

D
∑

α′,β′=1

(T)(α,β),(α′,β′) vα′,β′ = λmax vα,β . (A.2)

From (4.8) and (5.8) we see that the eigenvector has the form vα,β = uα δα,β, where uα can be chosen to
satisfy uα > 0 for any α provided that µ > 0. Substituting (4.7) into (A.2) we find

∑

m

∑

α′

(A(m))α,α′(A(m))β,α′ uα′ = λmax uα δα,β . (A.3)

We define new matrices B(m) by

(B(m))α,α′ =
1√
uα

(A(m))α,α′

√
uα′ . (A.4)

Clearly B(m) defines the same quantum state (4.4) as the original A(m). It is also easy to see that the transfer
matrix defined from B(m) as in (4.7) has exactly the same eigenvalues as the original T. Finally we see from
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(A.3) and (A.4) that

(

∑

m

B
(m)(B(m))†

)

α,β
=

∑

m

∑

α′

(B(m))α,α′(B(m))β,α′ =
∑

m

∑

α′

1
√
uαuβ

(A(m))α,α′(A(m))β,α′ uα′

=
1

√
uαuβ

λmax uα δα,β = λmax δα,β, (A.5)

which is the desired normalization condition (A.1).

B Witten’s conjugation

Here we follow [46] and discuss how one can modify the S = 1 AKLT Hamiltonian by using Witten’s
conjugation [45]. See, in particular, section 3.4 of [46], where the q-deformed AKLT state is treated in a
similar manner.18

As in section 4.5, we consider an S = 1 spin system on the open chain {1, . . . , L}. The AKLT Hamiltonian
(2.4) for the open chain, which is denoted as Ĥopen

1 in section 4, is

Ĥopen
AKLT =

L−1
∑

j=1

P̂Stot=2
j,j+1 . (B.1)

The mutually orthogonal normalized states on sites j and j + 1 that have Stot = 2 are given by

|ξ(2)j,j+1〉 = |1〉j |1〉j+1, |ξ(1)j,j+1〉 = 1√
2
(|1〉j |0〉j+1 + |0〉j |1〉j+1),

|ξ(0)j,j+1〉 = 1√
6
(|1〉j |−1〉j+1 + 2|0〉j|0〉j+1 + |−1〉j|1〉j+1),

|ξ(−1)
j,j+1〉 = 1√

2
(|0〉j |−1〉j+1 + |−1〉j|0〉j+1), |ξ(−2)

j,j+1〉 = |−1〉j|−1〉j+1. (B.2)

Let us rewrite the projection operator as

P̂Stot=2
j,j+1 =

2
∑

m=−2

|ξ(m)
j,j+1〉〈ξ

(m)
j,j+1| =

2
∑

m=−2

(Â
(m)
j,j+1)

†Â(m)
j,j+1, (B.3)

with Â
(m)
j,j+1 = |ξ(0)j,j+1〉〈ξ

(m)
j,j+1|. From (B.1) and (B.3), one finds that a state |Φ〉 is a ground state of Ĥopen

AKLT

if and only if Â
(m)
j,j+1|Φ〉 = 0 for all m = −2, . . . , 2 and j = 1, . . . , L− 1.

We now take Witten’s conjugation of Â
(m)
j,j+1 and define

B̂
(m)
µ;j,j+1 = α

(m)
µ;j,j+1 M̂µ Â

(m)
j,j+1 M̂

−1
µ , (B.4)

where α
(m)
µ;j,j+1 6= 0 is an arbitrary constant. Although M̂µ defined by (4.23) is highly nonlocal, B̂

(m)
µ;j,j+1

is a local operator that acts nontrivially only on sites j nd j + 1. Clearly a state |Φ〉 is a ground state of

Ĥopen
AKLT if and only if B̂

(m)
µ;j,j+1M̂µ|Φ〉 = 0 for all m and j. We define the new Hamiltonian, which is of course

Hermitian, by

ĤWC
µ =

L−1
∑

j=1

2
∑

m=−2

(B̂
(m)
µ;j,j+1)

†B̂(m)
µ;j,j+1. (B.5)

Recalling that |Ψσ,σ′

1 〉 (see (4.22)) are the only ground state of Ĥopen
AKLT and that M̂µ|Ψσ,σ′

1 〉 is proportional

to |Ψσ,σ′

µ 〉 as in (4.26), we see that the four asymmetric VBS state |Ψσ,σ′

µ 〉 (with σ, σ′ =↑, ↓) are the only

ground states of ĤWC
µ .

There is great freedom in the choice of ĤWC
µ since the constants α

(m)
µ;j,j+1 6= 0 are arbitrary. We shall

discuss a natural choice of the constants. Noting that

(B̂
(m)
µ;j,j+1)

†B̂(m)
µ;j,j+1 = |α(m)

µ;j,j+1|2 µ−jŜ
(z)
j

−(j+1)Ŝ
(z)
j+1 |ξ(m)

j,j+1〉〈ξ
(m)
j,j+1|µ−jŜ

(z)
j

−(j+1)Ŝ
(z)
j+1 , (B.6)

18 The material in this appendix is primarily due to Hosho Katsura.
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we can choose the constant α
(m)
µ;j,j+1 so that the right-hand side is written as a projection |ξ̃(m)

µ;j,j+1〉〈ξ̃
(m)
µ;j,j+1|

where |ξ̃(m)
µ;j,j+1〉 = (const)µ−jŜ

(z)
j

−(j+1)Ŝ
(z)
j+1 |ξ(m)

j,j+1〉 is normalized. Explicit calculation shows that

|ξ̃(2)µ;j,j+1〉 = |1〉j |1〉j+1, |ξ̃(1)µ;j,j+1〉 = 1√
1+µ2

(µ|1〉j |0〉j+1 + |0〉j |1〉j+1),

|ξ̃(0)µ;j,j+1〉 = 1√
4+µ2+µ−2

(µ|1〉j |−1〉j+1 + 2|0〉j|0〉j+1 + µ−1|−1〉j|1〉j+1),

|ξ̃(−1)
µ;j,j+1〉 = 1√

1+µ2
(µ|0〉j |−1〉j+1 + |−1〉j|0〉j+1), |ξ̃(−2)

µ;j,j+1〉 = |−1〉j|−1〉j+1. (B.7)

Since it is easily checked that these states are orthogonal to the four states (4.17), we see that the Hamiltonian
ĤWC

µ with this choice of constants is identical to our Hamiltonian Ĥopen
µ in (4.21).
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